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Synopsis Negative thermal expansion (from 150K to 400K) of Yttrium and Rare earth 
molybdates has been investigated by multipattern Rietveld refinement. Debye model fitting 
and the novel introduction of amplimodes aided us to explain the structural mechanisms.  
Abstract The Sc2(WO4)3-type phase (Pbcn) of Y2(MoO4)3, Er2(MoO4)3 and Lu2(MoO4)3 
have been prepared by the conventional solid-state synthesis with preheated oxides and their 
thermal stability was investigated, after the water loss, by thermal analysis. We have collected 
the powder diffraction neutron and X-ray data of dehydrated compounds (A= Y, Er, Yb and 
Lu) in the D2B at ILL and in our laboratory from 150 to 400K, respectively, after 
dehydration. All the structures have been obtained by multipattern Rietveld refinement. We 
have found that all compounds show negative thermal expansion (NTE), without phase 
transition, in this temperature range; and their average linear expansion coefficients were αL= 
-4.38x10
-6
, -3.27x10
-6
, -2.52x10
-6
 K
-1
, respectively. The Grüneisen approximation to the zero 
pressure equation of state with the internal energy calculated via the Debye model, was found 
to fit well giving Debye temperatures, θD = 537.7, 513.5, 489.2K with related frequencies 
lying on the middle of the phonon gap given by this type of compounds due to the joint action 
of high-energy optical and low-energy acoustic modes. Given an accurate and precise crystal 
structures, which were refined the amplitude of symmetry modes amplimodes, we have 
measured the exact scope polyhedral distortion with the temperature and the ionic radii and 
the role of the transverse vibration of Y(RE)-O-Mo binding oxygen atoms and the non 
bonded distances Y(RE)-Mo in the structure, since several authors have related such 
distortions and vibrations with the NTE behaviour. It was possible to detect, clearly, the 
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tangential component of some oxygen movements, within some bridging bonds, depending on 
the temperature, and giving their exact direction and sense. Then it was possible to interpret 
the net expansion of the c and b parameters on cooling. Equivalent thermal parameters 
increase faster with temperature than harmonic quantum oscillator curves indicating a 
softening of the isolated atom potential at large amplitudes, and also they could be fitting 
using Debye model. Both fittings showed relative greater softness of the same atom 
displacements, and the average of the Debye and characteristics temperatures coincide with 
those obtained from the volume curve fitting. A well correlation was obtained between ionic 
radii and: linear thermal coefficients, Debye temperatures, amplimodes, bridging angles and 
non-bonded bridging distances but not for polyhedral distortion. 
 
Keywords: Negative thermal expansion; rare earth molybdates; multipattern Rietveld 
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1. Introduction 
Some materials exhibit negative thermal expansion (NTE) in some particular temperature 
range. When such materials experience an increase in temperature in their NTE range, they 
contract (i.e. shrink in size) resulting an increase in density. NTE is generally considered to be 
rare, unusual and limited to certain types of structures. Nevertheless, it is important to note 
that NTE has been shown to take place in a very common material: water. There are a number 
of classes of materials, in particular the ZrW2O8 family, the AM2O7 family and the zeolites / 
zeolite-like materials (Evans, 1999). These systems have attracted considerable attention 
particularly due to the fact that their NTE window is unusually large (i.e. exhibit NTE over a 
large temperature range). These classes of materials are also of interest as members within the 
same class exhibit NTE windows with very similar or identical mechanisms occurring. Cubic 
zirconium tungstate (ZrW2O8) (Evans et al., 1996; 1999a; 1999b) is the best known example 
of large isotropic negative expansion persisting over a wide temperature range. There are a 
number of important potential applications for substances with a negative coefficient of 
thermal expansion, where the overall expansion coefficient of a body can be precisely tailored 
to a specific positive, negative or even zero value. In particular, ZrW2O8 family of materials 
(Zr and W can be substituted by Ho or Mo respectively) are used in the electronic or / and 
photonic areas (Holzer & Dunnand, 1997; Wei et al., 2001), in medical application (Versluis 
et al., 1996), etc. Within the last decade, a significant amount of research on tungstates and 
molybdates belonging to A2(MO4)3 family, where A is a trivalent ion ranging from Al to Dy 
and M is W
6+
 or Mo
6+
, has been carried out. This increased interest can be attributed to the 
discovery that various compounds in this family display NTE (Evans et al., 1998). Moreover, 
Sc2(WO4)3-type structure with flexible frameworks, relatively low densities and the presence 
of lattice modes that becomes softer on volume reduction predispose these materials to a rich 
behavior upon the application of pressure (Paraguassu, et al., 2004). Other side, the quasi two 
dimensional layered structures is suitable for trivalent ion conduction (Imanaka, et al., 2000). 
These materials can crystallize in an orthorhombic phase (with Sc2(WO4)3-type structure, 
Pbcn) (Abrahams & Bernstein, 1966) or in a monoclinic phase (with Al2(WO4)3 or 
Fe2(MoO4)3-type structure, P21/a)  (Chen, 1979; Hanuza et al., 1993). Some of them undergo 
a ferroelastic phase transition between both phases but only the orthorhombic compounds 
have NTE (Sleight & Brixner, 1973). In general, tungstates exhibit NTE in a wider range of 
temperature while molybdates have more negative coefficients and the NTE property 
increases with the ionic radius of trivalent cation (Sumithra & Umarji, 2004). In particular, 
molybdates with formula A2(MoO4)3 show a very intense negative thermal expansion (NTE) 
above 450K, when A=Y, Ho-Lu (Sumithra & Umarji, 2006); there is not a detailed structural 
investigation at lower temperatures of these rare earth molybdates because they are 
hygroscopic. Regarding the ICSD database, there are not solved structures of any molybdate 
from dysprosium to lutetium and only the structure of yttrium molybdate is solved at 200ºC 
(Marinkovic et al., 2005). The study of the structural behavior of these compounds can 
contribute to a better understanding of the NTE, the behavior upon application of pressure, 
their ionic conduction, etc. Specifically it is not clear whether the NTE behavior could be 
possible from room or lower temperature for completely dehydrated samples. While we were 
writing this work Marinkovic et al., (2009) published a very recent investigation in which 
they examined the orthorhombic phase of Y2(MoO4)3 by high resolution X-ray powder 
diffraction at low temperatures in dehydrated samples. They found that the NTE is maintained 
without phase transition and YO6 and MoO4 polyhedra are increasingly distorted with 
increasing temperature and, moreover, the distortion of the AO6 polyhedra in different 
members of the A2(MO4)3 family is strongly correlated with their linear negative thermal 
expansion coefficient. However they do not connect this distortion with the structural 
mechanisms to explain why the c and b shows negative expansion while a increases in the 
range between 20 and 300K.   
In the present study, we will discuss the crystal structures, thermal expansion behavior and 
possible eventual phase transition from 150K to 400K of the following three dehydrated 
samples: Y2(MoO4)3, Er2(MoO4)3 and Lu2(MoO4)3. We aim to obtain maximum information 
on the mechanisms involved in NTE, in this temperature range, powder diffraction data (using 
X-rays and neutron radiation). Note that at higher temperature, although it is known that there 
is NTE (Marinkovic et al., 2005), the mechanism may be varied, because the thermal 
dependence of the cell parameters changes (Marinkovic et al,. 2009). Neither we can say 
anything about what happens at lower temperature; it could happen a phase transition to 
monoclinic space group, as in similar compounds. We will obtain quantitative statistical 
thermodynamic information fitting the thermal dependence of cell and thermal parameters 
using typical models to study this phenomenon (Einstein and Debye models and Grüneisen 
approximation), which can be compared with first principles theoretical studies or 
spectroscopic experiments. 
Moreover we aim to give an explanatory drawing, connecting the two more common 
structural mechanisms to explain the NTE (Grima et al., 2007): 1) sometimes, it can be 
associated with a phase transition. This effect is usually the result of the formation of a less 
distorted crystalline system upon heating or the rest of a rearrangement of the system as a 
consequence of a phase change. Once the phase shifts from the starting state to the more 
symmetric one, conventional thermal expansion again starts to occur. 2) Another important 
mechanism is that involving ‘bridging oxygen’, by considering an M-O-M bond, (where M is 
usually a metal) which has an angle of 180º, during a transverse vibration if M-O distance 
remains essentially unchanged, the M-M distance decreases. It has long been argued that such 
transverse vibrational modes can lead to NTE (White, 1993). Interestingly, correlations can be 
made between the degree of covalence (rigidity) and the magnitude of the negative thermal 
expansion. This concept has been used to develop the RUM (or Rigid Unit Modes) (Giddy et 
al., 1993). Large amplitude transverse vibrations of the oxygen atoms can occur through 
coupled oscillations of the rigid corner sharing tetrahedral and octahedral forming the 
structure. The RUM approach has been developed extensively and related to the Grüneisen 
theory. In recent years, questions have been raised regarding whether simple RUM models are 
sufficient to explain NTE in zirconium tungstate, if it must be considered also other phonons, 
including the bending modes of the WO4 group (Ravindran & Arora, 2003). The direct 
relationship between RUMs and NTE has also been challenged by Tao & Sleight (2003) who 
cite several examples where NTE exists regardless of RUMs. 
In order to investigate these possible rigid or non rigid modes we propose, for first time in 
this type of compounds, a mode analysis for displacively distorted crystalline phase for any of 
any more symmetric (at higher temperature). The program AMPLIMODES can perform this 
mode analysis (Orobengoa et al., 2009). The distorted structure and its high-symmetry phase 
(in our case, the high temperature phase, without symmetry changes), with respect to which 
the analysis is desired, must be provided. This program determines the atomic displacement 
that relates both structures, defines a basis of symmetry-adapted modes, and calculates the 
amplitudes and polarization vectors of the distortion modes. From very recently, the program 
FullProf (Rodriguez-Carvajal, 2003) uses the output of the program AMPLIMODES, once 
the decomposition of the proposed structure in terms of symmetry modes is done and the free 
parameters refinement become amplitudes of collective modes instead of individual atom 
positions can be refined. A natural hierarchy could be established from the refined values of 
such amplitudes, which will be temperature dependent, and it will evidence of the different 
roles played in the NTE mechanisms. To complete this study we will use other subroutines of 
Fullprof too: 1) for crystal-structure refinement based on rigid-body model with constrained 
generalized coordinates and mean thermal displacements, based on the works of Cruickshank 
(1956) and Schomaker and Trueblood (1968). For that we will consider two extreme (the 
true picture probably lying between these two extremes): rigid octahedral AO6 groups or rigid 
tetrahedral BO4. 2) The program Bond_Str (http://www.ill.eu/dist/fullprof) performs a 
distortion polyhedra and a Bond Valence analysis (originated from the work of Pauling and 
developed extensively by workers such as Brown & Altermatt (1985) and Brese & O’Keeffe 
(1991)). Overbonded atoms must reduce their valence lengthening any bond to reduce its 
contribution (bond valence) to the overall valence sum. This effect presumably contributes to 
the marked decrease in cell volume as temperature is increased. 3) The distortion of the 
polyhedra Y(Er, Lu)O6, Mo(1)O4 and Mo(2)O4 will be expressed through the volume 
distortion parameter proposed by Makovicky and Balic-Zunic (1998), in order to compare 
with results obtained by Marinkovic et al., (2009).  
 
2. Experimental and refinement 
2.1. Synthesis and previous analysis 
Yttrium and rare earth molybdates have been prepared by the conventional solid-state 
synthesis with preheated oxides from an appropriate mixture of A2O3 (A=Y and rare earths) 
(Aldrich, 99.99%) and MoO3 (Aldrich, 99.99%). Both A2O3 and MoO3 powders were 
preheated at 500ºC for 24 h. These preheated powders were then weighed, mixed, 
homogenized and treated at 1050°C for 24 hours, with intermediate grindings, using both 
heating and cooling ramps of 5 hours. 
Routine powder X-ray diffraction at room temperature was carried out in a PANalytical 
X’Pert diffractometer with X’Celerator detector using the CuKα radiation. The patterns 
showed  the corresponding peaks without any detectable impurity, as well as an amorphous 
hump, normal if we take into account that the samples were hydrated. 
In order to study the stability of all compounds after the water losses between 50 and 
150ºC a simultaneous TG-DTA and DSC thermal analysis was performed. The 
thermogravimetric (TG) and differential thermal analysis (DTA) curves were recorded with 
two sequential cycles, from room temperature to 900ºC and on cooling back to room 
temperature using a Perkin Elmer Pyris Diamond TGA/DTA balance, under nitrogen gas, 
with heating and cooling rates of 10ºC/min. DSC measurements were carried out on a Perkin-
Elmer differential scanning calorimeter Pyris I-DSC from room temperature, with two 
sequential cycles of heating up to 400ºC and cooling to -175ºC, under nitrogen atmosphere. 
The heating and cooling rates were 10ºC/min. We selected three samples for this study which 
masses were 30.640(51.200), 39.700(52.000) and 84.050(28.100) mg for Y2(MoO4)3, 
Er2(MoO4)3 and Lu2(MoO4)3, respectively, and used in TG-DTA(DSC) analysis. Figures 1-2 
show the results of TG, DTA and DSC analysis, respectively.  
 
Figure 1 (a) Thermograv imetric (TG) curve of the as-prepared yttrium and rare earth molybdates. 
(b) Differential thermal analysis (DTA) the as-prepared yttrium and rare earth molybdates . 
 
 
Figure 2 Differential scanning calorimetry (DSC) results for three samples. It is possible to observe 
the thermal stability after the water loss in two cycles of warming and cooling. The arrows in dicate the 
direction of the scan, starting at room temperature. 
 
2.2. X ray diffraction 
Powder diffraction data for Rietveld refinement were collected in a PANalytical X'Pert 
PRO diffractometer (Bragg–Brentano mode) with a X'Celerator detector using the CuKα1 
radiation, in the angular range 10°< 2θ < 100°, by continuous scanning with step size of 0.02° 
and the step time of 200 s. Divergence, anti-scatter slits were set at 0.5°, 1° respectively and 
the detector was used in scanning mode with an active length of 2.14º.  Only a secondary 
0.02º soller slit was used. The sample was pressed into a holder of dimensions 14×10 mm
2
. 
Temperature measurements were carried out during a cooling process using an Anton Paar 
TTK 450 camera from 400K to 150K. Measurements were taken under vacuum (5 x 10
−4
 
mbar) and the final scan was performed with the addition of 3 cycles in order to check any 
change on the sample during the experimental process. The cooling rate was 10 K min
−1
 and 
the sample was left for 5 min between measurements in order to stabilize the equipment and 
the sample. The experiments were conducted at the X-ray Diffraction Facilities (SIDIX) at the 
University of La Laguna. 
 
2.3. Neutron diffraction 
The neutron powder diffractometer D2B (Debye Scherrer geometry) of the Institut Laue 
Langevin (Grenoble, France) was used for data collection with an incident wavelength 
λ=1.5943(1)Å, Ge[335] monochromator, take-off-angle 135º,  angular range 5°< 2θ < 165°, 
without primary collimator and 64
3
He counting tubes of 200 mm of high as detection system. 
A complete diffraction pattern was obtained about 100 steps of 0.025º in 2θ. In order to be 
sure that the samples were dehydrated, all of them were introduced into a furnace at 150ºC 
about 8 hours (as minimum) inside to the vanadium container and closed before to introduce 
it into the cryo-furnace installed on D2B. The diffraction patterns were recorded at different 
temperatures from 400K to 150K during 2.5 hours for each one: Two kinds of data were 
recorded, one corresponding to the centre part of the detector where the resolution is higher, 
and another with the whole detector where the intensity is higher. 
 
2.4. Structure refinements 
Multi pattern Rietveld refinement was performed using the FullProf program on the two 
different neutron diffraction dataset and an X-ray diffraction dataset following the weighting 
scheme of 0.4:0.4:0.2, respectively. The starting structural model was the orthorhombic 
structure of Y2(MoO4)3 at 403K (Marincovic et al., 2005) with space group Pbcn for the three 
samples at 400K. The experimental profiles were always modeled using a Thompson-Cox-
Hasting pseudo-Voigt profile shape function (Thompson et al., 1987), with two adjustable 
parameters (U and Y); initial values (U, V, W, X and Y) were obtained from the instrumental 
resolution parameters, as well as the peak asymmetry (SD and SL). A prominent modulated 
diffuse scattering was observed, in spite of being dehydrated samples, and we modeled the 
background via the Debye equation (Young, 1991)  plus a polynomial of degree 3, 
maintaining the same pair atomic distances on the three patterns; the results of this refinement 
will be discussed in the next section. This aspect is being investigated by electron diffraction 
in order to know if short range ordering is plausible or a glass phase coexist with the 
crystalline one. The sequence of refined parameters was: the scale factor, zero point 
displacement, cell parameters, background parameters, atomic position and anisotropic 
displacement without any constraint. Because the X-ray pattern was not well adjusted, wave 
length of neutrons, preferred orientation, V and W and a last polynomial coefficient for X-ray 
intensities, profile and a new X-ray background parameter were refined. Table 1 show the 
experimental data collection conditions and Table 2 shows the refinement strategies and 
conventional reliability factors of the Rietveld refinement. Rietveld plots are shown in Figures 
3. Table 3 and Figure 4 are given the cell parameters. 
Table 1 Experimental data collection 
 
Radiation type X-ray Neutron 
Diffractometer X'Pert Pro D2B 
Wavelength (Å) 1.5405(1) 1.5493(1) 
2θ range 10º-100º 5º-165º 
Step scan 0.02 0.05 
Monochromator Ge[111] Ge[335] 
Detector X'Celerator 643 He counting tubes 
Sample environment  TTK450 Cryofurnace 
 
 
Table 2 Refinement strategies and conventional reliability factors of the Rietveld refinement  
reliability factors with all non-excluded points for Y2(MoO4)3, Er2(MoO4)3, Lu2(MoO4)3      
 
Temperature Patt  N-P-C Rp Rwp Rexp Chi2 RBragg RF 
150 N 1 2557 12.6          13.7           6.58           4.32 3.65 2.37 
 N 2 2557 12.4 13.7 9.51 2.07 4.47 2.79 
 X 3 5104 18.8 23.6 6.76 12.1 6.24 3.05 
200 N 1 2557 8.42 9.17 5.63 2.65 4.31 2.92 
 N 2 2557 12.5 13.6 9.62 2.01 4.74 3.23 
 X 3 5104 13.2 16.3 5.75 8.05 5.75 3.39 
250 N 1 2557 8.92 9.41 5.83 2.60 4.50 3.23 
 N 2 2557 13.0 13.9 10.01 1.94 4.97 3.59 
 X 3 5104 13.5 16.5 5.82 8.08 5.68 3.29 
300 N 1 2557 9.01 9.52 5.99 2.52 4.29 3.19 
 N 2 2557 13.6 14.2 10.18 1.93 4.87 3.52 
 X 3 5104 13.2 16.6 5.83 8.12 5.63 3.40 
350 N 1 2557 9.36 9.73 6.13 2.52 4.46 3.36 
 N 2 2557 13.8 14.4 10.37 1.94 4.92 3.64 
 X 3 5104 13.3 16.6 5.89 7.92 5.47 3.57 
400 N 1 2557 10.1 10.3 6.33 2.63 4.72 3.72 
 N 2 2557 14.7 15.0 10.74 1.96 5.11 3.89 
 X 3 5104 13.5 16.6 5.92 7.89 5.55 3.68 
 
 
 
 
Temperature Patt  N-P-C Rp Rwp Rexp Chi2 RBragg RF 
150 N 1 2557 12.6  13.7 6.58 4.32 5.61 3.87 
 N 2 2557 17.8 18.8 11.14 2.86 6.62 4.60 
 X 3 5133 12.9 15.7 6.38 6.08 6.46 3.87 
200 N 1 2557 9.86 10.7 6.69 2.55 4.40 2.94 
 N 2 2557 15.0 15.9 11.40 1.94 5.22 3.51 
 X 3 5133 13.0 16.3 6.74 5.82 6.77 3.70 
250 N 1 2557 9.82 10.4 7.03 2.19 4.51 3.16 
 N 2 2557 15.2 15.8 11.89 1.78 5.43 3.86 
 X 3 5133 12.7 15.4 6.76 5.19 6.25 3.48 
300 N 1 2557 9.75 10.1 7.19 1.99 4.32 3.11 
 N 2 2557 15.3 15.6 12.12 1.65 4.90 3.47 
 X 3 5133 12.8 15.7 6.64 5.58 6.61 3.52 
350 N 1 2557 9.82 10.0 7.36 1.86 4.40 3.14 
 N 2 2557 15.7 15.8 12.26 1.66 5.12 3.76 
 X 3 5133 12.8 15.3 6.44 5.67 6.61 3.61 
400 N 1 2557 11.0 11.0 7.62 2.09 4.66 3.39 
 N 2 2557 17.1 17.2 12.87 1.78 5.55 3.98 
 X 3 5133 12.8 15.5 6.60  5.51 6.60 3.71 
 
 
 
 
Temperature Patt  N-P-C Rp Rwp Rexp Chi2 RBragg RF 
200 N 1 2557 10.3 11.3 6.05 3.49 4.98 3.34 
 N 2 2557 15.1 16.3 10.39 2.47 5.84 3.86 
 X 3 5104 8.82 11.1 5.24 4.50 4.78 2.88 
225 N 1 2557 9.04 9.85 6.22 2.50 4.78 3.24 
 N 2 2557 14.0 15.0 10.67 1.96 5.46 3.59 
 X 3 5104 9.86 12.3 6.57 3.49 4.80 3.20 
250 N 1 2557 8.90 9.56 6.36 2.26 4.08 2.73 
 N 2 2557 13.8 14.6 10.84  1.81 5.06 3.31 
 X 3 5104 9.48 11.7 5.39 4.69 5.65 3.64 
300 N 1 2557 10.6 11.0 6.79 2.64 4.33 2.87 
 N 2 2557 16.1 16.4 11.51 2.04 4.93 3.40 
 X 3 5104 9.61 11.8 5.43 4.74 4.82 2.89 
400 N 1 2557 10.3 11.3 6.05 3.49 5.00 3.51 
 N 2 2557 15.1 16.3 10.39 2.47 5.94 4.16 
 X 3 5104 8.82 11.1 5.24 4.50 5.12 2.98 
 
 
 
 
 
  
 
  
 
 
  
 
 
Figure 3 Examples of powder diffract ion patterns collected for: a) Y2(MoO4)3 at 350K on our 
laboratory powder diffractometer . b) at 150K on D2B powder diffractometer at the ILL (central part of 
the detector). c) Er2(MoO4)3 at 400K on D2B powder d iffractometer at the ILL (central part of the 
detector). d) at 300K on D2B powder d iffractometer at the ILL (whole detector). e) Lu2(MoO4)3 at 
250K on our laboratory powder d iffractometer . f) at 200K on D2B powder diffractometer at the ILL 
(whole detector). Observed data (+) are shown along with the pattern (solid line) calculated from 
Rietveld analysis and difference/s.u. (lower trace). Bars indicate the Bragg positions and also the 
background is calculated (o) from a Debye model. Insets are drawn in order to show the quality of the 
refinement.  
 
Table 3 Cell parameters 
Y2(MoO4)3 150K 200K 250K 300K 350K 400K 
a 13.8827(2)    13.8858(1)    13.8861(1)    13.8881(1)    13.8890(1)    13.8894(1) 
b   9.9691(1)         9.96604(8)   9.96197(8)         9.95961(8)        9.95715(8)        9.95451(8) 
c 10.0629(1)    10.05879(8)     10.05317(8)    10.04945(8)    10.04587(8)     10.04225(8) 
       
Er2(MoO4)3 150K 200K 250K 300K 350K 400K 
a 13.8309(1)    13.8336(1)    13.8363(1)    13.8379(1)     13.83934(9)    13.8405(1) 
b 9.93805(8)      9.93615(7)      9.93310(7)       9.92991(7)       9.92789(6)      9.92551(7) 
c 10.03527(9) 10.03283(8)     10.02843(7)    10.02407(7)     10.02088(7)    10.01745(7) 
       
Lu2(MoO4)3 200K 225K 250K 303K  400K 
a 13.70121(8)         13.70192(8)         13.70381(9) 13.70376(8)         13.70703(8) 
b 9.84752(6)            9.84591(6)            9.84569(6)          9.84254(6)           9.83937(6) 
c 9.94469(6)            9.94265(6)            9.94230(7)         9.93846(6)           9.93371(6) 
 
  
 
Figure 4 Variation of the volume of the three samples on study. Spots indicate experimental values 
and lines indicate the Debye model fitting. In this range of temperatures, linear and Debye models 
fitting are close. Standard uncertainties were not included because they are negligib le in the plot.  
Free isotropic displacement would suggest that the individual polyhedral in the A2(MoO4)3 
structure remain essentially undistorted as a function of temperature and general rigid body 
constrains using the TLS (translation/libration/screw) subroutine of FullProf was attempted 
based on two extreme assumptions: rigid octahedral AO6 groups or rigid tetrahedral WO4. 
One tentative to refine atomic positions and anisotropic displacement with general rigid-body 
constrains was performed without satisfactory results. In the following section we will discuss 
the thermal dependence of bond distances and angles and the possible distortion polyhedra 
which seems essential in the manifestation of the NTE in this type of materials. In this sense, 
we also will discuss the results of the bond valence analysis and polyhedral distortion by 
Fullprof, because this model helps to explain the mechanisms of NTE and phase transition, 
for instance, in ZrW2O8 (Ravidran & Arora, 2003); and also it give an indication of the 
quality of the refinement. 
In order to include both external and internal phonons, for instance the bending modes of 
the MoO4 group, we have a mode analysis for displacively distorted crystalline phase, 
comparing two structures (refined by FullProf) of the three compounds with the program 
AMPLIMODES (Orobengoa et al., 2009). The input structure data were the 'more symmetric 
structure or parent structure’, at high temperature (400K); and the ‘more distorted structure’, 
at low temperature (150 or 200K), without the existence of phase transition. Because both 
structures have the same space group, the transformation matrix which relates the 
conventional bases of such space groups is the identity matrix and the asymmetric unit has the 
same number of atoms. In the output produced by AMPLIMODES, the high temperature 
structure is transformed to the subgroup basis (reference structure), without splitting of the 
Wyckoff orbits and compared with the distorted one. The program defines a basis of 
symmetry-adapted modes, and calculates the amplitudes and polarization vectors of the 
distortion modes associated with different irreducible representations. Once the 
decomposition of the proposed structure in terms of symmetry modes is done, the free 
parameters become amplitudes of collective modes as more adequate parameters for a 
controlled refinement (by FullProf) of the structure than the individual atom positions. 
Atomic coordinates at 400K ‘parent = reference structures’ are listed in Table 4 for the three 
compounds.  
Table 5 lists the refined amplitudes of the irreducible representation distortion presented in 
the distorted structures at different temperatures for each compound. In the next section we 
have to account these amplitudes instead of the atomic coordinates but in order to plot and 
compare the structures at different temperatures, FullProf calculates these asymmetric unit 
coordinates rj at low or intermediate temperature (L(I)T) from the high temperature (HT). 
 
 ( ) ( | )L I T HTj j m m
m
r r c Q m j   
  
Where j represents the atoms in the asymmetric unit of the L(I)T phase. The index m 
represents all contributing modes. In our case there are 25 independent distortion modes, three 
for each atom in general position and one mode for the molybdenum at the 4c position. The 
polarisation vectors ε(m|j) have normalized components referred to the conventional cell of 
the L(I)T phase and are provided by AMPLIMODES. The refined parameters are the 
amplitudes (amplimodes) Qm, and cm are normalisation coefficients. Note that, unlike what 
happens with body rigid refinements, in this type of refinement, the thermal parameters are 
refined for each atom without constrains, excepting those given by the special positions.  
Table 4 Atomic coordinates at 400K ‘parent = reference structures’ 
 
Atom          x/a          y/b        z/c 
Y1 0.3818(2)   0.2489(3)   0.9679(2)   
Mo1 0.1433(2)   0.1083(3)   0.1139(2)   
Mo2 0.00000 0.5281(4)   0.25000  
O1 0.0315(6)   0.1709(10)   0.0651(9)   
O2 0.1404(8)   -0.0661(8)   0.0882(8)   
O3 0.2337(6)   0.1808(9)   0.0157(8)   
O4 0.1647(7)   0.1399(9)   0.2834(9)   
O5 0.0841(6)   0.4293(8)   0.3361(9)   
O6 0.0653(6)   0.6310(9)   0.1428( 9)   
    
Er1 0.3815(1)   0.2489(2)   0.9678(2)   
Mo1 0.1433(2)   0.1078(3)   0.1147(3)   
Mo2 0.0000 0.5283(4)   0.2500 
O1 0.0309(5)   0.1736(11)   0.0663(9)   
O2 0.1398(9)  -0.0678(8)   0.0879(8)   
O3 0.2338(6)   0.1777(9)   0.0151(9)   
O4 0.1648(7)   0.1398(9)   0.2846(9)   
O5 0.0837(6)   0.4280(8) 0.3360(9)   
O6 0.0657(6)   0.6291(10)   0.1410(10)   
    
Lu1 0.3813(1)   0.2490(2)   0.9669(1)   
Mo1 0.1438(2)   0.1071(3)   0.1145(2)   
Mo2 0.0000 0.5293(4)   0.2500 
O1 0.0317(5)   0.1774(9)   0.0672(8)   
O2 0.1398(7)   -0.0686(7)   0.0889(7)   
O3 0.2354(5)   0.1784(8)   0.0146(7)   
O4 0.1663(6)   0.1401(8)   0.2851(8)   
O5 0.0847(5)   0.4270(7)   0.3352(8)   
O6 0.0634(5)   0.6314(8)   0.1380(8)   
 
Table 5 Refined amplitudes of the irreducible representation distortion presented in the distorted 
structures at different temperatures for each compound. 
 
Y2(MoO4)3             150K             200K             250K           300K          350K 
A1_GM1+ -0.022(8)  -0.011(6) -0.011(6) -0.005(6) -0.001(7) 
A2_GM1+ -0.01(1)   0.007(8) 0.007(8) -0.004(8) -0.005(9) 
A3_GM1+ -0.011(9)  -0.013(7) -0.013(7) -0.006(7) -0.002(7) 
A4_GM1+ 0.024(9)   0.018(7) 0.018(7) 0.005(7) -0.004(7) 
A5_GM1+ -0.032(9)  -0.017(7) -0.017(7) -0.008(7) -0.007(7) 
A6_GM1+ 0.009(9)   0.005(7)   0.005(7)   0.004(7)   0.000(7) 
A7_GM1+  -0.01(1)  -0.008(7) -0.008(7) -0.003(7) -0.003(7) 
A8_GM1+ 0.23(2)   0.18(2) 0.18(2) 0.06(2)   0.01(2) 
A9_GM1+  0.07(2)   0.06(2) 0.06(2) -0.02(2) 0.00(3) 
A10_GM1+ -0.04(2)  -0.04(2) -0.04(2) -0.03(2) -0.02(2) 
A11_GM1+ 0.06(2)   0.07(2) 0.07(2) 0.02(2) 0.00(2) 
A12_GM1+ -0.04(2)  -0.04(2) -0.04(2) -0.03(2) 0.01(2) 
A13_GM1+ 0.00(3)  -0.01(2) 0.00(2) 0.03(3) 0.01(3) 
A14_GM1+ 0.02(2)   0.01(2)   0.01(2) 0.00(2) 0.01(2) 
A15_GM1+ -0.04(2)  -0.02(2) -0.02(2) 0.02(2)   0.00(2) 
A16_GM1+ -0.01(2)   0.00(2) 0.00(2) -0.01(2) 0.00(2) 
A17_GM1+ 0.01(2)  -0.01(2) -0.01(2) 0.01(2) 0.00(2) 
A18_GM1+ -0.05(2)  -0.05(2) -0.05(2) -0.02(2) 0.00(2) 
A19_GM1+ 0.09(2)   0.10(2) 0.10(2) 0.01(2) -0.01(2) 
A20_GM1+ -0.05(2)  -0.02(2) -0.02(2) -0.01(2) -0.02(2) 
A21_GM1+ -0.09(2)  -0.03(2)   -0.03(2)   0.00(2) 0.00(2) 
A22_GM1+ -0.03(2)  -0.02(2) -0.02(2) 0.03(2)   0.01(2) 
A23_GM1+ -0.17(3)  -0.10(2) -0.10(2) -0.05(2) 0.00(2) 
A24_GM1+ -0.03(2)  -0.01(2) -0.01(2) 0.02(2)   0.01(2) 
A25_GM1+ -0.09(2)  -0.09(2) -0.09(2) -0.04(2) -0.02(2) 
 
 Er2(MoO4)3              150K               200K               250K               300K               350K 
A1_GM1+ 0.014(6)  -0.016(5) -0.006(5) -0.003(5) -0.004(5) 
A2_GM1+ -0.005(8)  -0.006(7) -0.004(7) -0.006(7) -0.001(6) 
A3_GM1+ -0.005(7)  -0.005(6) -0.003(6) -0.002(5) -0.004(5) 
A4_GM1+ 0.031(9)   0.019(8) 0.002(8) -0.002(8) -0.002(7) 
A5_GM1+ -0.030(9)  -0.037(8) -0.017(8) -0.013(8) -0.011(8) 
A6_GM1+ -0.003(10)  -0.006(9) -0.002(8) -0.007(8) 0.000(8) 
A7_GM1+ -0.008(10)  -0.016(8) -0.009(8) -0.007(8) -0.006(8) 
A8_GM1+ 0.22(2)   0.17(2) 0.12(2) 0.07(2) 0.02(2) 
A9_GM1+ 0.02(3)  -0.03(2) -0.01(2) -0.01(2)   0.01(3) 
A10_GM1+ -0.02(2)  -0.02(2) -0.03(2) 0.01(2) -0.01(2) 
A11_GM1+ 0.12(2)   0.07(2) 0.06(2) 0.04(2) 0.04(2) 
A12_GM1+ -0.04(2)  -0.05(2) -0.04(2) -0.01(2) -0.03(2) 
A13_GM1+ 0.05(3)   0.04(3) 0.03(3) 0.04(3) 0.04(3) 
A14_GM1+ 0.01(2)   0.01(2) 0.04(2) 0.02(2)   0.01(2) 
A15_GM1+ 0.02(3)   0.03(2)   0.04(2)   0.03(2) 0.03(2) 
A16_GM1+ -0.06(2)  -0.04(2) -0.01(2) -0.02(2) 0.00(2) 
A17_GM1+ 0.04(2)   0.03(2) 0.00(2) 0.01(2)   0.01(2) 
A18_GM1+ -0.09(3)  -0.05(2) -0.01(2)   0.03(2) -0.01(2) 
A19_GM1+ 0.14(3)   0.12(2) 0.07(2) 0.06(2) 0.05(2) 
A20_GM1+ -0.09(2)  -0.07(2) -0.03(2) -0.03(2) 0.02(2) 
A21_GM1+ -0.06(2)  -0.02(2) -0.05(2) -0.02(2) 0.01(2) 
A22_GM1+ 0.03(3)   0.01(2) -0.03(2) -0.00(2) -0.03(2) 
A23_GM1+ -0.15(3)  -0.13(2) -0.08(2) -0.02(2) 0.01(2) 
A24_GM1+ 0.03(3)   0.01(2) 0.02(2) 0.03(2) 0.05(3) 
A25_GM1+ -0.12(2) -0.09(2) -0.10(2) -0.06(2) -0.05(2) 
 
  
Lu2(MoO4)3                200K                225K               250K               303K 
A1_GM1+ -0.009(4)  -0.004(4) -0.002(4) -0.003(4) 
A2_GM1+ 0.000(5)  -0.001(5) -0.001(6) -0.003(5) 
A3_GM1+ -0.005(5)  -0.003(4) -0.003(5) -0.002(4) 
A4_GM1+ 0.023(7)   0.016(7) 0.020(7) 0.014(6) 
A5_GM1+ -0.024(7)  -0.016(7) -0.018(7) -0.004(7) 
A6_GM1+ 0.000(7)   0.001(7) -0.003(8) -0.000(7) 
A7_GM1+ -0.001(7)   0.000(7) -0.002(8) -0.001(7) 
A8_GM1+ 0.14(2)   0.13(2) 0.12(2) 0.07(2) 
A9_GM1+ -0.01(2)  -0.01(2) -0.00(2) -0.01(2) 
A10_GM1+ -0.04(2)  -0.03(1) -0.03(1) -0.03(2) 
A11_GM1+ 0.08(2)   0.07(2) 0.05(2) 0.03(2) 
A12_GM1+ -0.04(1)  -0.03(1) -0.04(1) -0.02(2) 
A13_GM1+ 0.01(2)   0.04(2) 0.02(2) -0.01(2) 
A14_GM1+ 0.00(2)  -0.01(2) 0.01(2) 0.01(2) 
A15_GM1+ 0.00(2)   0.00(2) -0.00(2) -0.02(2) 
A16_GM1+ -0.02(2)  -0.03(2) -0.03(2) -0.03(2) 
A17_GM1+ 0.03(2)   0.01(2) 0.01(2) 0.02(2) 
A18_GM1+ -0.04(2)  -0.02(2) -0.01(2) -0.01(2) 
A19_GM1+ 0.13(2)   0.10(2) 0.07(2) 0.04(2) 
A20_GM1+ -0.03(2)  -0.03(2) -0.02(2) -0.01(2) 
A21_GM1+ -0.08(2)  -0.08(2) -0.07(2) -0.04(2) 
A22_GM1+ 0.02(2)   0.02(2) 0.02(2) -0.00(2) 
A23_GM1+ -0.10(2)  -0.10(2) -0.08(2) -0.06(2) 
A24_GM1+ -0.02(2)  -0.01(2) -0.02(2)   0.00(2) 
A25_GM1+ -0.04(2)  -0.04(2) -0.03(2) -0.01(2) 
 
 
Table 6 Temperature dependence of A-O, Mo-O bonds and angles. Symmetry operators are: (i) x,  
y, z+1; (ii) x+1/2, -y+1/2, -z+1; (iii) -x, y, -z+1/2; (iv) -x+1/2, -y+1/2, z+1/2; (v) -x+1/2, y+1/2, z+1;  
(vi) -x+1/2, y-1/2, z+1  
 
Distance 150K 200K 250K 300K 350K 400K 
Y1 - O1ii 2.242(8)   2.244(8) 2.251(8) 2.247(8) 2.244(8) 2.251(9) 
Y1 - O2v 2.235(8)   2.228(8) 2.238(8)   2.225(8) 2.229(9) 2.224(9) 
Y1 - O3i 2.227(9)   2.218(7) 2.218(7)   2.218(8) 2.218(8) 2.219(9) 
Y1 - O4iv  2.267(9)   2.270(8) 2.258(8) 2.255(9) 2.254(9)   2.253(9) 
Y1 - O5iv  2.249(9)   2.264(8) 2.262(8) 2.263(9) 2.266(9)   2.263(9) 
Y1 - O6vi 2.216(10)  2.230(8) 2.226(9)   2.226(9) 2.235(9) 2.236(9) 
       
Distance 150K 200K 250K 300K 350K 400K 
Er1 - O1ii 2.236(8)   2.240(7) 2.234(6) 2.234(7) 2.231(8) 2.232(8) 
Er1 - O2v 2.221(8)   2.211(7) 2.207(7) 2.210(7) 2.204(8) 2.201(9) 
Er1 - O3i 2.231(9)   2.223(7) 2.217(7) 2.219(7) 2.210(7) 2.215(9) 
Er1 - O4iv 2.256(9)   2.248(8) 2.246(8) 2.236(8) 2.240(9) 2.236(9) 
Er1 - O5iv 2.247(9)   2.254(8) 2.245(8) 2.248(8) 2.250(8) 2.249(9) 
Er1 - O6vi 2.200(10)  2.207(9) 2.217(9) 2.222(9) 2.226(9) 2.226(10) 
       
Distance 200K 225K 250K 303K  400K 
Lu1 - O1ii 2.208(6)  2.211(6) 2.208(6) 2.209(6)  2.211(7) 
Lu1 - O2v 2.194(6)  2.195(6) 2.185(6) 2.186(6)  2.185(7) 
Lu1 - O3i 2.175(7)  2.178(6) 2.179(6) 2.181(6)  2.169(7) 
Lu1 - O4iv 2.220(7)  2.221(7) 2.217(7) 2.208(7)  2.209(8)   
Lu1 - O5iv 2.203(7)  2.204(7) 2.202(6) 2.210(7)  2.220(8) 
Lu1 - O6vi 2.178(7)  2.173(7) 2.180(7) 2.177(7)  2.191(8) 
 
  
Angle 150K 200K 250K 300K 350K 400K 
O1-Y1-O2 86.7(5)   86.5(5) 85.7(5) 85.5(5)   85.2(5) 85.1(6) 
O1-Y1-O4 87.3(5)   87.8(5) 87.2(5) 87.7(5) 88.0(5)   88.3(6) 
O1-Y1-O5 87.7(5)   88.3(5) 89.2(5) 90.1(5)   89.9(5)   89.9(6) 
O1-Y1-O6 90.3(5)   90.0(5)   90.3(5)   90.0(5)   89.8(5) 89.9(6) 
O2-Y1-O3 90.3(5)   90.4(5) 90.1(5)   89.8(5) 90.2(5) 90.4(6) 
O2-Y1-O4 90.2(5)   90.4(5)   90.0(5) 89.9(5) 90.0(5) 90.0(5) 
O2-Y1-O6 93.3(5)   93.0(5)   93.2(5) 92.9(5) 93.0(6) 93.1(6) 
O3-Y1-O4 93.5(5)   93.3(5)   93.6(5) 93.5(5)   93.7(5)   93.5(6) 
O3-Y1-O5 95.3(5)   94.9(5) 95.0(5)   94.7(5)   94.8(5) 94.6(6) 
O3-Y1-O6 89.0(5)   89.1(5)   89.1(5)   89.1(5)   88.6(5)   88.5(5)   
O4-Y1-O5 88.0(5)   88.3(5)   88.3(5)   88.2(5)   87.7(5) 87.9(5) 
O5-Y1-O6 88.2(5)   88.1(5)   88.3(5) 88.8(6)   89.1(6)   88.8(6) 
       
Angle 150K 200K 250K 300K 250K 400K 
O1-Er1-O2 87.4(5)   86.7(5) 86.5(5)   86.6(5)   86.2(5)   85.6(6) 
O1-Er1-O4 87.6(5)   87.7(5)   87.7(4)   88.8(5)   88.6(5)   88.3(5) 
O1-Er1-O5 87.6(5)   88.3(5)   88.0(4)   88.8(5)   88.6(5)   88.9(5) 
O1-Er1-O6 90.2(6)   90.3(5)   90.0(5)   90.9(5)   89.5(5)   90.0(6)    
O2-Er1-O3 90.2(5)   90.2(5) 90.3(5)   90.0(5)   90.5(5)   91.3(6) 
O2-Er1-O4 90.1(5)   90.1(5)   90.4(5)   90.0(5)   90.2(5)   90.1(6)   
O2-Er1-O6 93.0(6)   93.2(5)   93.2(5)   93.2(5)   92.7(5)   93.4(6)   
O3-Er1-O4 92.9(6)   93.0(5)   93.6(5)   93.3(5)   93.3(5)   93.9(6) 
O3-Er1-O5 94.8(6)   94.8(5)   95.3(5)   94.4(5)   94.8(5)   94.2(6) 
O3-Er1-O6 89.4(6)   89.2(5)   88.9(5)   88.8(5)   88.6(5)   88.0(6) 
O4-Er1-O5 88.2(6)   88.4(5)   88.0(5)   87.8(5)   88.6(5)   88.0(5) 
O5-Er1-O6 88.5(6)   88.2(5)   88.2(5)   88.8(5)   88.3(5)   88.3(6) 
       
Angle 200K 225K 250K 303K  400K 
O1-Lu1-O2 87.3(4)   87.5(4)   87.4(4)   86.7(4)    86.5(5) 
O1-Lu1-O4 89.1(4)   89.0(4)   88.9(4)   89.0(4)    89.3(5) 
O1-Lu1-O5 87.6(4)   87.6(4)   87.5(4)   87.9(4)    88.2(5) 
O1-Lu1-O2 88.9(4)   88.9(4)   88.9(4)   88.7(4)    88.2(5) 
O2-Lu1-O3 90.7(4)   90.6(4)   90.7(4)   91.2(4)    91.1(5) 
O2-Lu1-O4  90.7(4)   90.8(4)   90.9(4)   90.6(4)    90.5(5) 
O2-Lu1-O6 92.8(4)   92.8(4)   92.9(4)   93.4(4)    92.8(5) 
O3-Lu1-O4 92.7(5)   92.7(4)   93.1(4)   94.3(4)    93.7(5) 
O3-Lu1-O5 94.4(5)   94.3(4)   94.4(4)   89.1(4)    94.2(5) 
O3-Lu1-O6 89.4(5)   89.5(4)   89.3(4)   88.0(4)    88.9(5) 
O4-Lu1-O5 88.1(4)   87.7(4)   87.7(4)   88.0(4)    88.0(5 
O5-Lu1-O6 88.3(4)   88.4(4)   88.3(4)   88.4(4)    88.4(5) 
 
Y2(MoO4)3 150K 200K 250K 300K 350K 400K 
Mo1-O1 1.756(8)   1.753(8)   1.746(8)   1.750(8)   1.752(8)   1.744(9)     
Mo1-O2 1.758(8)  ) 1.762(8)   1.752(8)   1.761(8)   1.752(9)   1.756(9) 
Mo1-O3 1.747(9)   1.753(7)   1.755(8)   1.754(8)   1.750(8)   1.752(9) 
Mo1-O4 1.757(9)   1.754(8)   1.753(8)   1.759(9)   1.758(9)   1.756(10) 
Mo2-O5iii 1.755(9)   1.751(8)   1.756(8)   1.759(9)   1.754(9)   1.755(9)   
Mo2-O6iii 1.761(9)   1.748(8)   1.750(9)   1.752(9)   1.743(9)   1.741(9) 
O1-Mo1-O2 108.5(7)  108.1(7) 107.4(7) 107.2(7) 107.2(8) 106.9(8)   
O1-Mo1-O3 110.5(7)  110.3(6) 110.3(6) 109.7(6) 109.6(6) 109.4(8) 
O1-Mo1-O4 109.2(7)  110.1(7) 110.1(7) 110.6(7) 110.7(8) 111.0(8) 
O2-Mo1-O3 110.3(7)  110.4(6) 110.1(7) 110.2(7) 110.1(8) 110.0(8) 
O2-Mo1-O4 108.2(7)  108.0(7) 108.3(7) 108.4(7) 108.8(7) 108.9(8) 
O3-Mo1-O4 110.1(7)  109.9(7) 110.5(7) 110.6(8) 110.4(8) 110.5(8) 
O5-Mo2-O5iii 109.5(7)  111.0(7) 111.2(7) 112.2(8) 111.8(8) 111.8(8) 
O5-Mo2-O6 108.6(8)  108.3(7) 107.6(7) 107.1(8) 106.8(8) 106.7(8) 
O5-Mo2-O6iii 110.4(8)  110.5(7) 110.8(7) 111.4(7) 112.1(8) 111.8(8) 
O6-Mo2-O6iii 109.3(8)  108.3(7) 108.6(7) 107.6(7) 107.4(8) 107.9(8) 
       
Er2(MoO4)3 150K 200K 250K 300K 350K 400K 
Mo1-O1 1.750(8)   1.746(8) 1.751(7) 1.750(8) 1.758(8) 1.755(8) 
Mo1-O2 1.767(8)   1.767(7) 1.770(8) 1.763(8) 1.768(8) 1.764(9) 
Mo1-O3 1.743(9)   1.750(8) 1.743(8) 1.745(8) 1.749(8) 1.745(9)  
Mo1-O4 1.767(10)  1.770(9) 1.763(9) 1.767(9) 1.764(9) 1.757(10) 
Mo2-O5iii 1.756(10)  1.746(8) 1.746(8) 1.751(8) 1.746(8) 1.754(9) 
Mo2-O6iii 1.762(10)  1.758(8) 1.758(8) 1.741(9) 1.740(9) 1.738(10) 
O1-Mo1-O2 109.4(7)  108.5(7) 108.8(6) 108.4(7) 108.3(7) 107.5(8) 
O1-Mo1-O3 109.7(7)  110.1(6) 109.7(6) 109.5(6) 109.2(6) 109.3(7) 
O1-Mo1-O4 110.1(8)  109.9(7) 110.2(7) 110.2(7) 110.8(7) 110.5(8) 
O2-Mo1-O3 109.8(7)  109.9(7) 109.8(7) 109.5(7) 109.5(7) 109.0(8) 
O2-Mo1-O4 107.4(7)  108.5(7) 108.3(6) 109.1(7) 108.7(7) 109.3(8) 
O3-Mo1-O4 110.4(8)  109.9(7) 110.1(7) 110.1(7) 110.3(8) 111.1(8) 
O5-Mo2-O5iii 109.2(8)  110.4(7) 109.5(7) 173.9(4) 110.9(8) 107.5(8) 
O5-Mo2-O6 108.4(8)  108.0(7) 108.5(7) 153.6(4) 107.9(8) 109.3(7) 
O5-Mo2-O6iii 110.6(8)  110.5(7) 110.6(7) 155.7(4) 111.0(7) 110.5(8) 
O6-Mo2-O6iii 109.5(8)  109.6(7) 109.1(7) 166.7(4) 108.1(8) 109.7(9) 
       
Lu2(MoO4)3 200K 225K 250K 303K  400K 
Mo1-O1 1.754(6)  1.749(6) 1.753(6) 1.751(6)  1.749(8)                            
Mo1-O2 1.752(6)  1.752(6) 1.757(6) 1.755(6)  1.749(7) 
Mo1-O3 1.750(7)  1.746(6) 1.746(7) 1.739(6)  1.747(8) 
Mo1-O4 1.763(7)  1.758(7) 1.754(8) 1.759(7)  1.753(8) 
Mo2-O5iii 1.771(7)  1.770(7) 1.770(7) 1.761(7)  1.754(8) 
Mo2-O6iii 1.745(8)  1.748(8) 1.742(7) 1.745(7)  1.733(8) 
O1-Mo1-O2 109.5(5)  109.7(5) 109.6(5) 108.8(6)  108.9(7) 
O1-Mo1-O3 109.2(6)  109.2(5) 109.1(5) 109.1(5)  108.7(6) 
O1-Mo1-O4 110.0(6)  109.7(6) 109.5(6) 109.7(6)  109.9(7) 
O2-Mo1-O3 110.2(6)  110.0(5) 109.9(5) 109.9(6)  109.7(7) 
O2-Mo1-O4 108.4(6)  108.4(6) 109.0(5) 109.0(6)  109.2(7) 
O3-Mo1-O4 109.6(6)  109.8(6) 109.8(6) 110.4(6)  110.4(7) 
O5-Mo2-O5iii 108.4(6)  108.5(6) 108.6(6) 109.1(6)  110.0(7) 
O5-Mo2-O6 108.8(6)  108.8(6) 108.7(6) 108.6(6)  108.1(7) 
O5-Mo2-O6iii 110.3(6)  110.4(6) 110.3(6) 110.4(6)  110.8(7) 
O6-Mo2-O6iii 110.3(6)  110.0(6) 110.1(6) 109.7(6)  109.1(7) 
 
 
3. Results and discussion 
3.1. Thermal analysis 
DTA and TG curves of yttrium and rare earth molybdates show similar results to those 
observed in previous studies (Sumithra & Umarji, 2006) (Figures 1a and 1b). The hydrated 
molybdates lose the water of hydration from RT to 430K, the number of moles of water 
molecules calculated for hydrated Y2(MoO3)4, Ho2(MoO4)3, Er2(MoO4)3, Tm2(MoO4)3, and 
Lu2(MO4)3 was 2.8, 2.8, 2.5, 2.4, 2.3, respectively. We confirm, including two new rare earth 
molybdates (Ho2(MoO4)3 and Tm2(MoO4)3) that the compounds with smaller ionic radii lose 
the water molecules at lower temperature and with fewer number of moles of water. A clear 
correlation between the number of moles and the temperature of the water loss and the 
yttrium and rare earth cation radii can be observed: cations of larger size allow the entry of 
more molecules of water and take longer to lose. However, it is more difficult to explain why 
it is observed the water removal in two steps without correlation with the ionic radii (Figure 
1b). A better interpretation of these results would know the hydrated crystal structures; this is 
not the purpose of this work though. On the other side, DSC curves confirm that, when the 
measures are carried out in nitrogen atmosphere (argon atmosphere was used in (Marincovic 
et al., 2005)), the endothermic peak appears only in the first heating cycle. The first cycle 
cooling curve did not present any important feature. Also, during the whole second cycle, 
there were neither endothermic nor exothermic features and there was not sign of phase 
transition within this temperature range. In Figure 2 we present the results for the three 
compounds that we studied, in order to establish their thermal stability. Marinkovic et al.  
(2009) determined the heat capacity (2-390K) of Y2(MoO4)3 and did not find phase transitions 
over this temperature range. However indium, aluminum, chromium, iron and scandium, 
which are, isostructural molybdates, undergo phase transitions, they show a correlation 
between the temperature of the phase transition and the electronegativity of the A cation 
(Evans et al., 1997). We expect phase transitions in rare earth molybdates below -175ºC and 
their study is in progress. 
 
3.2. Refinement results and cell parameters analysis 
The results presented in this work correspond to three samples at the following 
temperatures: Lu2(MoO4)3: 400, 303, 275, 250, 225, 200K; Er2(MoO4)3: 400, 350, 300, 275, 
225, 200, 150K; Y2(MoO4)3: 400, 350, 300, 275, 250, 225, 200, 150K. We also have neutron 
data from 50 to 150K and X-ray data at high temperatures after the water loss. However we 
have wanted to focus on the range from 150K to 400K because: 1) in this range we can assure 
the thermal stability after the water loss, 2) we have both neutron and X ray data for the three 
compounds to determine the crystalline structure with great reliability, 3) it is possible the 
existence of phase transition at lower temperatures and we have not enough data for its 
detection, and 4) an alteration of the sign of the a cell parameter at temperatures higher than 
400K, without phase transition, like in other tungstates and molybdates (Foster & Sleight, 
1999; Liang et al., 2008),  due to some subtle structural changes. Marinkovic et al., (2009) 
propose an explanation, based on an earlier spectroscopy study (Liang et al., 2008), without 
an exhaustive analysis of their structure at 450K. They propose that translational and 
librational motions (low energy acoustic soft modes) are closely coupled with stretching and 
bending vibrations (high energy optical modes) and the change of the sign of the NTE 
coefficient can be understood as a change in balance of both modes relative contribution. We 
consider this is worthy of further study.  
Figure 3 shows observed, calculated and difference profiles and Bragg peaks of typical 
refinements. The second row of Bragg peaks is due to Al from the furnace for neutron 
diffraction experiment. We have selected several Rietveld plots containing different 
compounds, temperatures, used radiation, and angular ranges (insets) to reflect the good 
agreement of our results. From Tables 2 and 3 we can compare the results of the adjustments 
between our studied compounds, depending on temperature, with the results known of two 
molybdates: Sc2(MoO4)3 by synchrotron and T.O.F. (Evans & Mary, 2000), Y2(MoO4)3 
(Marincovic et al., 2009) by synchrotron and two tungstates: Sc2(WO4)3 (Evans et al., 1998) 
by neutrons and Y2(WO4)3 (Woodcock et al., 2000) by neutrons in D2B too. Reliability 
factors Rwp  and  χ
2
 for neutron patterns (with the whole detector) vary from 8.84% to 13.7% 
and from 1.86% to 4.32% respectively, without any correlation with temperature or type of 
compound and are very similar to those obtained for scandium tungstate (7.62% and 2.287%, 
averaged values) and yttrium tungstate (9.26% and 1.77%, at room temperature) measured in 
similar conditions. Our structure model reliability factors R(F
2
) ranged between 3.87% and 
2.37% for 2557 reflections, without any correlation with temperature or type of compound, 
while those obtained by T.O.F. data of monoclinic phase of scandium molybdate were 3.56% 
for 3153 reflections. With respect to our X-ray profile reliability factors, we can compare with 
the synchrotron results (RB=4.06,%, Rwp=13.27%, χ
2
=3.39%, at 300K), which are, in general, 
higher to the factors obtained by us, (RB=2.98,%, Rwp=11.1%, χ
2
=4.74%, at 400K), being a 
multipattern refinement in which neutron data were more important. Erbium and yttrium 
molybdates refinement showed worse reliability factors, probably due to a weaker scatter 
from less heavy atoms and poor collected intensity. Standard deviation of cell parameters, 
which always are underestimate values of the absolute precision of the measure, are less than 
obtained for tungstates (Evans et al., 1998; Woodcock et al., 2000) and Y2(MoO4)3 
(Marincokiv et al., 2009) but similar to Sc2(MoO4)3 (Evans & Mary, 2000) in which cell 
parameters were obtained using multipattern refinement too.   
From Figure 4 and Table 3 we can state, for the first time, that rare earth dehydrated 
molybdates show NTE behavior within 150K to 400K, like in yttrium molybdate  
(Marincovic et al., 2009). However the a parameter shows a positive expansion for all 
compounds (Figure 4a) unlike in mentioned studies (Sumithra & Umarji, 2006) in which all 
parameters show NTE after the water loss. In order to compare the linear expansion 
coefficients, we have performed a linear fit of the volume and cell parameters (Table 3 and 
Figure 4) in this temperature range, giving a linear expansion coefficient αL (= αV/3) of: -4.38 
x 10
-6
, -3.27 x 10
-6
 and -2.52 x 10
-6
 for Y2(MoO4)3, Er2(MoO4)3 and Lu2(MoO4)3 respectively.  
We cannot confirm that molybdates have more negative thermal expansion coefficients in b 
and c crystalline axes than tungstates (Sumithra et al., 2005), because it depend on the 
temperature range, but the NTE property increases with the ionic radius of the trivalent cation 
in both tungstates and molybdates independently. The a parameter, in this temperature range, 
shows less positive expansion than other non-rare earth tungstates (a[Sc2WO4]=7.5x10
-6 
ºC
-1
, 
Evans et al., 1998)) and molybdates (a[Sc2MoO4]=10.82x10
-6 
ºC
-1
, (Evans & Mary, 2000) ) 
in which do not occur a change in sign of the a parameter. Definitively we found a strong 
correlation between the ionic radii and NTE coefficients, unlike Manrinkovic et al., (2009) 
whose based their investigation giving NTE coefficients, calculated in different temperature 
ranges, and in some cases correspond to a very poor fittings; using three volumes, obtained at 
very long interval of temperatures. For instance, our NTE coefficient for Y2(MoO4)3 was 
significantly less than that obtained by Manrinkovic et al. (2009). 
A more physically meaningful interpretation of the thermal expansion function, which is a 
consequence of the anharmonicity of interatomic forces, can be obtained assuming a quasi-
harmonic approximation. If lattice vibration frequencies  are independent of temperature but 
dependent on volume and the atoms vibrate about their new equilibrium positions 
harmonically, then the Grüneisen parameter is introduced for each independent frequency 
(normal mode): 
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The volume expansion can be expressed by the thermodynamic relation: 
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if the total free energy F  is expressed, in the basic Einstein model, by sum of the mean 
energy contribution of each vibration mode (linear harmonic oscillator), it is possible to 
obtain the temperature variation of  P at constant volume as a product of the heat capacity CV 
and the Grüneisen constant  γ. Then, the thermal expansion is expressed by the Grüneisen law 
(Grüneisen, 1926): 
 0 0( ) /VT K C V   
 
Where K0  and V0 are the isothermal compressibility and molar volumes at T=0K and γ  is 
dimensionless and its sign determines whether the expansivity is positive or negative. It is 
well known that the basic Einstein model, for a monoatomic case, is not good to describe the 
temperature dependence of CV when T 0. The Debye model is frequently applied to 
polyatomic crystals, although the physical interpretation of the Debye temperature is not clear 
(Horning, 1988) and it is unable offer a comprehensive description of the phonon spectrum. 
Nonetheless this classical model allows characterize the thermodynamic properties of this 
type of complex oxides in the low temperature, where the vibration has an acoustic origin and 
it is often applied. Very recently assessment of the Debye temperature of compounds in this 
family has been given (Yammamura et al., 2009). In this work we have determined the Debye 
temperature and the cell volume at 0K by fitting the temperature dependence of the volume 
data using the following expresion given in studies of ZrW2O8 (Evans et al., 1999b)]. 
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This model gives the following values for yttrium, erbium and lutetium molybdates, 
respectively: V(T=0K)=1393.3, 1380.0, 1342.6 Å
3
, D=537.7, 513.5, 489.2K, and the factor 
(3ZKBK0)/N =-0.07, -0.05, -0.04 m
3
/molK. Calculated volumes at 0K are expected to be 
correlated to the ionic radii. Also it is expected that Debye temperatures are proportional to 
the sound velocity in each compound (Vainshetein et al., 2004), which in turn, depends 
directly on their densities. It seems that our fitting gives relatively good values of Debye 
temperatures because: 1) Other similar averaged Debye temperatures, obtained by different 
experimental methods, were 438K in CaMoO4 (Vainshetein et al., 2004), from sound 
velocities and specific heat fitting, 95K and 1370K in Zr(WO4)2 (Evans et al., 1999b) from 
neutron diffraction data, 265K in Sc3(WO4)2 and 306K in Sc2(MoO4)3, from specific heat 
fitting (Yammamura et al., 2009). Note that the obtained results depend on the type of 
experiment and on the selected temperature range to fit the experimental curves. In our case 
we do not have calculated volumes at very low temperatures. 2) The obtained Debye 
frequencies by using: 
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where KB  and ħ are the Boltzman and Planck constant, lies on the middle of the phonon gap 
given by Lu2(MoO4)3 (Viola et al., 1993), because we have an average characteristic (Debye) 
frequency between high and low energy phonon modes. With this result if it is possible to 
consider the coupling of high and low frequencies modes as the origin of the NTE in these 
compounds, as proposed by Manrinkovic et al., (2009) but without justification from their 
structural results. Moreover, these calculated Debye temperatures (frequencies) are interesting 
in order to compare with those obtained by direct experimental measurements (specific heat, 
sound velocities, elastic constants, vibrational spectroscopy, etc.). 
 
3.3. Structural Mechanisms 
 The structure of all compounds, at different temperatures, was obtained refining the 
amplitudes of symmetry modes from the ‘parent structure’, in turn obtained at 400K using a 
conventional multipattern Rietveld refinement (Tables 4 and 5). The accuracy of our 
fractional atomic coordinates is similar to those available from T.O.F and synchrotron data 
(multipattern) (Evans & Mary, 2000). Temperature dependence of A-O, Mo-O, non bonding 
distance A-Mo and angles A-O-Mo can be evaluate from Tables 6 and 7. Also, temperature 
dependence of bond valence sum of each atom and polyhedral distortion is given in Table 8. 
Typical corner-sharing Y(RE)O6 octahedra and MoO4 tetrahedra framework of this type of 
structures is shown in Figure 5. 
 
 
Figure 5 Polyhedral representation of the crystal structure of the A2(MoO4)3 in a general view. AO6  
octahedra (darker) share all vertices with MoO4 tetrahedra. Each tetrahedra share their four O atoms 
too. 
Table 7 Temperature dependence of non bonding distance A...Mo and angles A-O-Mo 
Y2(MoO4)3 150K 200K 250K 300K 350K 400K 
Y···Mo1 3.997(4)  3.993(4) 3.993(4) 3.991(4) 3.988(4) 3.986(4) 
Y···Mo1 3.886(5)  3.883(4) 3.887(4) 3.884(4) 3.882(4) 3.882(4) 
Y···Mo1 3.888(4)  3.887(4) 3.885(4) 3.883(4) 3.883(4) 3.884(4) 
Y···Mo1 3.841(4)  3.841(3) 3.839(3) 3.845(3) 3.848(4) 3.845(4) 
Y···Mo2 3.881(5)  3.887(4) 3.886(4) 3.883(4) 3.883(4) 3.884(4) 
Y···Mo2 3.958(4)  3.957(3) 3.951(3) 3.948(3) 3.945(3) 3.943(3) 
Y-O1-Mo1 176.1(4)  175.3(4) 174.8(4) 173.3(4) 172.5(4) 172.1(4) 
Y-O2-Mo1 153.2(4)  153.1(4) 153.7(4) 153.8(4) 154.3(4) 154.4(4) 
Y-O3-Mo1 156.0(4)  156.1(4) 155.7(4) 155.5(4) 156.0(4) 155.8(4) 
Y-O4-Mo1 145.1(4)  145.0(4) 146.0(4) 146.4(4) 146.9(4) 146.8(4) 
Y-O5-Mo2 151.2(5)  150.6(4) 150.4(4) 149.6(4) 149.8(4) 150.1(4) 
Y-O6-Mo2 168.6(5)  167.8(4) 167.0(4) 165.9(4) 165.1(4) 164.9(4) 
       
Er2(MoO4)3 150K 200K 250K 300K 350K 400K 
Er···Mo1 3.983(5)  3.983(4) 3.993(4) 3.978(3) 3.981(3) 3.979(4) 
Er···Mo1 3.873(4)  3.868(4) 3.887(4) 3.870(4) 3.867(4) 3.870(4) 
Er···Mo1 3.882(5)  3.883(4) 3.885(4) 3.876(3) 3.874(3) 3.873(4) 
Er···Mo1 3.822(4)  3.827(4) 3.839(3) 3.831(4) 3.829(4) 3.828(4) 
Er···Mo2 3.874(4) 3.869(4) 3.886(4) 3.873(3) 3.874(3) 3.875(4) 
Er···Mo2 3.944(4)  3.946(3) 3.951(3) 3.937(3) 3.938(3) 3.934(3) 
Er-O1-Mo1 175.8(4)  175.4(4) 174.8(4) 173.9(4) 172.7(4) 172.4(4) 
Er-O2-Mo1 152.2(4)  152.9(4) 153.7(4) 153.6(4) 153.5(4) 154.6(4) 
Er-O3-Mo1 155.1(5)  155.3(4) 155.7(4) 155.7(4) 155.9(4) 155.8(4) 
Er-O4-Mo1 143.5(4)  144.3(4) 146.0(4) 146.0(4) 145.7(4) 146.7(4) 
Er-O5-Mo2 150.5(5)  150.4(4) 150.4(4) 150.9(4) 151.3(4) 150.8(4) 
Er-O6-Mo2 169.3(5)  168.6(4) 167.0(4) 166.7(4) 166.1(4) 165.6(5) 
       
Lu2(MoO4)3 200K 225K 250K 303K  400K 
Lu···Mo1 3.956(3)  3.954(3) 3.955(3) 3.953(3)  3.951(3) 
Lu···Mo1 3.833(3)  3.833(3) 3.833(4) 3.836(3)  3.833(3) 
Lu···Mo1 3.839(3)  3.836(3) 3.838(3) 3.834(3)  3.833(3) 
Lu···Mo1 3.788(3)  3.790(3) 3.789(3) 3.789(2)  3.792(3) 
Lu···Mo2 3.847(3)  3.847(3) 3.846(3) 3.845(3)  3.846(3) 
Lu···Mo2 3.908(3)  3.906(3) 3.906(3) 3.904(2)  3.902(3) 
Lu-O1-Mo1 173.9(3)  174.0(3) 173.6(3) 173.1(3)  171.7(4) 
Lu-O2-Mo1 152.3(3)  152.3(3) 152.7(3) 153.3(3)  153.8(4) 
Lu-O3-Mo1 155.8(4)  155.5(3) 155.8(3) 155.9(3)  156.2(4) 
Lu-O4-Mo1 143.7(3)  144.3(3) 145.0(4) 145.3(3)  146.1(4) 
Lu-O5-Mo2 150.7(4)  150.7(3) 150.9(3) 150.9(3)  150.6(4) 
Lu-O6-Mo2 170.0(4)  169.7(4) 169.5(3) 168.9(3)  167.9(4) 
 
 
Table 8 Temperature dependence of bond valence sum of cat ions and polyhedrum distortion  
Y2(MoO4)3 150K 200K 250K 300K 350K 400K 
Y 3.31(3)  3.28(3) 3.28(3) 3.31(3) 3.30(3) 3.29(3) 
Distort.(10-4) 0.533      0.720      0.522      0.563      0.489      0.507    
Mo1 6.04(7)  6.02(6) 6.09(6) 6.01(7) 6.07(1) 6.08(7) 
Distort.(10-4) 0.066      0.048      0.043      0.062      0.026      0.078 
Mo2 5.98(7)  6.12(7) 6.07(7) 6.03(7) 6.14(7) 6.15(7) 
Distort.(10-4) 0.030      0.007      0.026      0.046      0.096      0.158 
O1 2.05(3)  2.06(3) 2.08(3) 2.07 (3) 2.06(3) 2.09(4) 
O2 2.05(3)  2.05(3) 2.07(3) 2.05(4) 2.09(4) 2.08(4) 
O3 2.11(4)  2.10(3) 2.09(3) 2.09(3) 2.11(4) 2.10(4) 
O4 2.01(4)  2.02(4) 2.04(4) 2.02(4) 2.03(4) 2.03(4) 
O5 2.04(4)  2.04(3) 2.02(3) 2.01(4) 2.03(4) 2.03(4) 
O6 2.07(4)  2.10(4) 2.10(4) 2.09(4) 2.11(4) 2.12(4) 
       
Er2(MoO4)3 150K 200K 250K 300K 350K 400K 
Er 3.11(3)  3.12(3) 3.14(3) 3.14(3) 3.15(3) 3.15( 3) 
Distort.(10-4) 0.655      0.643      0.446      0.312      0.510      0.473 
Mo1 6.01(7)  5.98(3) 6.01(6) 6.01(6) 5.95(7) 6.03(7) 
Distort.(10-4) 0.361      0.346      0.350      0.285      0.165      0.147 
Mo2 5.97(8)  6.08(7) 6.17(7) 6.18(7) 6.23(7) 6.19(8) 
Distort.(10-4) 0.027      0.127      0.009      0.085      0.026      0.204 
O1 2.04(4)  2.05(3) 2.04(9)   2.04(3) 2.01(3) 2.02(3) 
O2 1.99(3)  2.01(3) 2.00(3) 2.02(3) 2.01(3) 2.03(4) 
O3 2.08(4)  2.06(3) 2.09(3) 2.09(3) 2.08(4) 2.09(4) 
O4 1.95(4)  1.94(3) 1.97(4) 1.97(4) 1.98(4) 2.01(4) 
O5 2.00(4)  2.03(4) 2.04(3) 2.02(4) 2.04(4) 2.01(4) 
O6 2.04(4)  2.05(4) 2.09(4) 2.10(4) 2.09(4) 2.10(5) 
       
Lu2(MoO4)3 200K 225K 250K 303K  400K 
Lu 3.27(2)  3.27(2) 3.28(2) 3.28(2)  3.26(7) 
Distort.(10-4) 0.528      0.606      0.444      0.417       0.627     
Mo1 6.04(5)  6.03(5) 6.07(5) 6.10(5)  6.12(6) 
Distort.(10-4) 0.079      0.067      0.061      0.188       0.016 
Mo2 5.99(6)  5.99(6) 6.01(6) 6.07(6)  6.23(7) 
Distort.(10-4) 0.573      0.394      0.642      0.193       0.381       
O1 2.04(3)  2.04(3) 2.04(3) 2.05(3)  2.05(3) 
O2 2.07(2)  2.07(2) 2.06(2) 2.07(3)  2.09(3) 
O3 2.10(3)  2.10(3) 2.12(3) 2.14(3)  2.13(3) 
O4 1.99(3)  1.99(3) 2.03(3) 2.02(3)  2.04(4) 
O5 1.98(3)  1.98(3) 1.98(3) 2.01(3)  2.02(3) 
O6 2.12(3)  2.12(3) 2.13(3) 2.12(3)  2.15(4) 
 
 
Systematically rare earth (or yttrium) and the atom labeled Mo2 are overbonded but only 
Mo2 reduces its valence when the temperature decreases (Table 8). In the three compounds, 
the lengthening of Mo2-O6 bond (around 0.02Å) reduces its contribution to the valence sum. 
While Mo2-O5 distance is maintained in Er and Y molybdates and only is lengthened for 
Lu2(MoO4)3, without an appreciable dependence of the angles with the temperature. This 
effect presumably contributes to a slightly decreasing in this tetrahedron volume as 
temperature increases. It is generally established that W-O and Mo-O apparent bond length 
undergo contraction during heating (Evans et al., 1998; Yammamura et al., 2009) because 
correlated oscillations can lead to this apparent decreasing in bond distances (Cruickshank, 
1956). Although rare earth is overbonded, especially the yttrium cation, there is not found 
significatively changes in their calculated valence and coordination bonds during heating. 
This is the case of other tungstates (Evans et al., 1998; Woodcock et al., 2000) while for 
scandium molybdate an apparent contraction when the temperature increases (Yammamura et 
al., 2009) is observed. Both results are expected considering that Mo-O bonds are strong 
(having practically zero expansion, especially in more symmetric tetrahedron) than Y(RE)-O 
(having typical linear positive expansion); thus, it must be observed contraction and no 
changes in tetrahedral and octahedral volumes, respectively if vibrational transverse modes 
exists. On the other hand, if the oxygen-cation bonds are maintained, relative displacements 
between second neighbored must occur (between oxygens and between cations). The oxygen 
atoms labeled O3 and O6 are the most overbonded and O4 the most underbonded in the three 
compounds, but without a monotonic dependence with the temperature. Cation displacements, 
to diminish their bond valence sum, are more difficult to explain because the interaction with 
their surrounding cations is not quantified by the bond valence parameters.  As for bond 
valence sum, we only found a thermal dependence of the distortion of the more symmetric 
molybdate Mo(2)O4 in the three compounds, and there is not a strong correlation between 
NTE coefficients and the polyhedral distortion as it is observed by Manrinkovic et al., (2009). 
However, comparing compounds with different tetrahedra with the following sequence of 
regularity: CrO4 < MoO4 < WO4, for a similar cation A, it can be found that the polyhedral are 
more distorted when the tetrahedra are less distorted. This argument comes from the fact is 
generally assumed that AO6 and MO4 polyhedra in A2(MO4)3 compounds are inherently 
distorted in order to make a framework connected via vertices. 
From Table 5 it is clear to observe that the oxygen atoms, excepting O3, have detectable 
amplitudes (> 0.05 Å), comparing with typical thermal displacements, and becomes longer on 
cooling. Two MoO4 and one Y(RE)O6 polyhedron view down arbitrary axis (Figures 6a, b 
and c) show the oxygen displacement given by the amplimodes, magnified 1.5 times to clarify 
and calculated at 150K.  From a first visual inspection it is difficult to assign rigid movements 
to Y(RE)O6 and MoO4 groups if the oxygen atoms are moving together. This, joined to, as 
mentioned above, the fact that the refinement of rigid bodies was not good and the reported 
analysis of A2(MO4)3 structures with NTE, which are incompatible to found rigid unit modes 
(Tao & Sleight, 2003); lead us to conclude that no RUMs exist. Due to the complexity of the 
vertices sharing arrangement of the constituent polyhedral of the lattice, the variety of 
different bridging bond angles present and the slight distortion of individual polyhedron from 
ideality, the coupling of different polyhedral tilts is complicated, and a possible quasi-RUM 
model is very difficult to explain. However, from figures 7 and 8, it is possible to detect, 
clearly, tangential component of the oxygen movement within bridging bonds type Mo-O-
Y(RE), given their exact direction and sense. Note that amplimodes drawn on figures 6, 7 and 
8 are the result of comparing any structure at 400K the corresponding at 150K (200K in 
Lu2(MoO4)3), then the direction and sense of the arrow indicate the oxygen displacement on 
cooling. Similar pictures were obtained comparing with other temperatures but the length of 
the arrow was shorter. 
 
      
Figure 6 Isolated Polyhedra in which the amplimodes are represented as arrows in order to give the 
intuitive movements on cooling. a) AO6 octahedrum, b) Mo(1)O4 tetrahedrum and c) Mo(2)O4 
tetrahedrum. 
 
A rigorous mathematical analysis of the dependence of cell parameters and bridging bond 
lengths and angles, as a function of the temperature, is complicated. Considerable insight can, 
however, be gained restricting our discussion of the changes in cell dimensions to qualitative 
changes of those non bonding distances Y(RE)···Mo and their angles, through the bridging 
oxygen atoms, forming chains of rings (involving four bridges) along the three axis (Figures 7 
and 8). If one closely inspect each of Y(RE)-O-Mo angles from Table 7, it can be observed 
that Y(RE)-O1-Mo1 and Y(RE)-O6-Mo2 contract on heating for all compounds and Y(RE)-
Mo distances generally increase. This result also is observed in scandium molybdate (Evans 
& Mary, 2000) and tungstate (Evans et al., 1998). In this work, we also correlate the 
transversal movements of the bridging oxygens, which are defined by the amplimodes. A 
simple scheme, given in the Figure 9, shows the lengthening and shortening of the angles and 
no bonded distances, depending on the sense of the amplimode, indicating the direction and 
sense of the oxygen translations during cooling. In the case of the oxygen O1 and O6, the 
sense of the corresponding amplimode, which are the largest in the three compounds, is 
accord with a bridging angle increment (Figures 7 and 8). The bridging angles in which O2 
and O4 are involved, diminish slightly on cooling, but only the distance Y(RE)···Mo, when 
O4 is involved, is shortening in the three compounds. In this case the arrows (Figure 7a for 
O4 and Figure 7b for O2) show the correct sense for this result. 
 
          
Figure 7 Structure of A2MoO4 without the Mo(2)O4 tetrahedra and drawing the oxygen amplimodes. 
a) a axis view and b) b axis view. The white arrow is the amplimode of O1, the grey arrow is the 
amplimode of O2 and the black arrow is the amplimode of O4. Note that the amplimode of O3 is 
negligible in the graph. 
 
From Figure 7a, rings involving O1 and O4 are connected along the c axis through Mo1-
O2-Y(RE) bridges, but two consecutive rings are not connected in the a direction. Although it 
is visible a lengthening of the Y(RE)-O1-Mo1 angle and no bonding distance Y(RE)···Mo1 
(on cooling), there is not a cooperative effect to expand the a parameter. In the same figure, a 
slightly shortening of the Y(RE)-O4-Mo1 angle and the no bonding distance Y(RE)···Mo1 
mustn’t be decisive for a contraction (instead of an expansion) of c parameter. From Figure 
7b, rings involving O1 and O2 are connected through O3 along the b axis. The lengthening of 
Y(RE)-O1-Mo1 competes with the slightly shortening of the Y(RE)-O2-Mo1, with a possible 
resultant net expansion of the b parameter on cooling. Rings involving O1 and O3 are 
connected, through O4, along the c axis, using a similar argument, the major lengthening of 
the Y(RE)-O1-Mo1 angle than the possible slight shortening of the Y(RE)-O4-Mo1 angle 
results in a net contraction of the c parameter. Although the amplitude of the symmetry mode, 
assigned to O1, is significantly longer than the others amplitudes of oxygen atoms, which 
form the less symmetric tetrahedron (given by Mo1), its contribution in the negative 
expansion of b and c parameters does not seem decisive.  
 
         
Figure 8 Structure of A2MoO4 without the Mo(1)O4 tetrahedra and drawing the oxygen amplimodes. 
a) a axis view and b) b axis view. The black arrow is the amplimode of O5 and white arrow is the 
amplimode of O6. 
 
On the other hand, from Figure 8a we can clearly observe how two bridges type Y(RE)-
O6-Mo2 and two bridges type Y(RE)-O5-Mo2 make rings along the c axis, connecting two 
more symmetric tetrahedra (given by Mo2). The increasing of the first bridging angle and its 
no bonded distance, when the temperature increases, contributes decisively to the expansion 
of the c parameter. However the expansion in the b direction is more difficult to explain 
because, from Figure 8b, the rings involving O5 and O6 atoms are not connected in this 
direction and the lengthening of the non bonding distance Y(RE)···Mo2 wouldn’t reach a 
cooperative effect in this direction. However, the very plane rings contained parallels to the  
bc planes, show a clear expansion with a more important component in the b direction. Note 
that, from Table 7, Y(RE)-O5-Mo2 angle does not show a general increasing on cooling, but 
from Figure 8, it is possible to evidence a little increasing given by the direction and sense of 
the amplimode associated to the atom O5. Definitively, we consider decisive the role of the 
tetrahedron placed on the twofold a axis and their bridge bonds connecting to their 
surrounding octahedra. Indeed, it is possible a general expansion of its volume, on cooling, if 
we consider that it is difficult to explain a rigid motion and then an apparent contraction on 
heating. 
Finally, no less important is the complete correlation obtained between ionic radii and 1) 
amplitude of symmetry modes, 2) bridging angles and 3) non bonded bridging distances and 
their temperature dependence which are implied in the NTE; as occur with linear NTE 
coefficients and the Debye temperature. Yttrium molybdate, in which this property is more 
intense, have the longest amplimodes at 150K and presents major increment of ‘oxygen 
bridges’ on cooling, while lutetium molybdate has the shortest amplimodes at 150K and 
minor increment of ‘oxygen bridges’. This indicates the importance of the study of complete 
families of compounds to give good structural correlations. Furthermore we want to highlight, 
using amplimodes, we could indicate not only that there is a reduction of the mean distances 
and bond angles with increasing temperature; but we can indicate in which direction are 
produced. 
 
Figure 9 Schemat ic representation of the typical oxygen bridge and their transversal displacement 
with respect to the non bonding distance (A...Mo). In this case, the upwards displacement of oxygen 
induces an increasing of the bond angle and the non bonding distance.  
 
 
3.4. Thermal parameters 
From framework lattice the lowest energy modes, will be most significantly populated at a 
given temperature and will give raise the atomic largest displacements, are generally those 
involving a transverse vibration of the 2-coodinate oxygen groups which trend to leave metal-
oxygen length unchanged (Chen, 1979). If the restoring potential for a given mode is 
asymmetric, an anharmonic thermal vibration shows up, and net displacements of atomic 
positions as a function of temperature are observed. Simple considerations show that if such a 
mode leads to an overall decrease in the Y(RE)-O-Mo bridging angle, the metal-metal 
distance will on average decreases, when the temperature increases, and a negative coefficient 
of thermal expansion will result. For a high crystalline material, thermal parameter of 
temperature factors must take into account this type of effects and must be analyzed. In our 
work we have refined all anisotropic parameters without restrictions, and in a few cases we 
have obtained negative values for the diagonal anisotropic parameters; then, we have 
analyzed the equivalent thermal values Ueq. These thermal displacements are similar to the 
isotropic parameters Uiso obtained for Y2(MoO4)3 (Marinkovic et al., 2005), Sc2(MoO4)3 
(Evans & Mary, 2000) and Cr2(MoO4)3 (Ari et al., 2008), however we have no knowledge of 
an analysis of their temperature dependence. 
  
 
Figure 10 Equivalent atomic displacement as a function of temperature. Lines were obtained fitt ing 
the Debye model.  
 
 
  
 
Figure 11 Equivalent atomic displacement as a function of temperature. Lines were obtained fitt ing 
the simple Einstein model (harmonic oscillator). 
 
 
Equivalent thermal parameters for each atom increased smoothly as a function of 
temperature (Fig. 11), a small departure from linearity is perhaps appreciable at lower 
temperatures, as expected on the Einstein or Debye model. Typically, two types of fitting can 
be perfomed: 
1. According to a Debye model (Wood et al., 2002), the connection between thermal 
parameters and Debye temperatures extracted from specific-heat or thermal-
expansion measurements has been described: 
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(where M is the mass of the vibrating species in atomic mass units). Owing of the 
lower number of data point in Lu2(MoO4)3, Ueq parameters were not fitted for this 
compound. Figure 10 show the results of the least square refinement for the other 
two compounds. U0  can be fixed by given values of M and Debye temperature, 
because is directly related with the zero point energy of the atoms, but it has been 
also refined. The mean value of the Debye temperatures for oxygen atoms in both 
compounds gets on well with that obtained from the volume fitting curve (447.3 
and 328.7K for Y2(MoO4)3 and Er2(MoO4)3 respectively). The lower Debye 
temperature and frequency for O1, O4, O5 and O6 reflect the relative greater 
softness of these atoms displacements compared to O2 and O3 according to the 
structural study based on the amplimodes. However a more exhaustive analysis is 
decisive in order to interpret the anisotropic thermal displacement for each atom, 
connecting with the negative expansion along the b and c axis or the positive 
expansion along the a axis. Also it will be possible to compare between the 
different components in the family of all NTE rare earth molybdates. 
 
2. The temperature dependence of harmonic thermal motions also ought to obey a 
harmonic oscillator curve in the simple Einstein model: 
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Because we have no data of very low temperatures, the results of the least square 
refinement are not very good, but it can be analyzed. The fitted curves, obtained 
from the simple Einstein model, on Figure 11 indicate the displacements to be 
anharmonic. In the high temperature limit, this curve approaches a straight line 
passing through the origin at T=0. However, all observed Ueq increase faster than 
harmonic oscillator curves, with the exception of Ueq(O2) and Ueq(O1) which 
cross the Ueq axis with negative values for both compounds and they cannot be 
adjusted. This indicates anharmonic motions corresponding to a softening at large 
displacement amplitudes of the isolated-atom. In this case, it is possible to 
introduce anharmonic effects through a quasiharmonic Grüneisen-type 
temperature dependence of the frequency (Bürgi et al., 2000). Different values of 
 would lead us to investigate which modes are more anharmonic and responsible 
of the NTE behaviour. Although we have not introduced this correction in our 
fitting, we have analyzed our results. The mean of the characteristic temperatures 
calculated from the obtained characteristic frequencies of O3, O4, O5 and O6 are 
slighly lower than the Debye temperature obtained from the volume fitting (435.7, 
463.2K for Y2(MoO4)3 and Er2(MoO4)3 respectively). Note that, less accuracy of 
thermal than cell parameters did not lead us a better analysis.  
 
3.5. About the Background 
Thermal parameters of temperature factors can often take into account effects such as 
atomic disorder and are more correctly termed atomic displacement factors. Attending to the 
temperature dependence of  Ueq, there is not evidence to suggest static atomic disorder. Then, 
from the background refinement given by a Debye like function plus a polynomial function 
(Figure 3), it is possible to interpret that this family of compounds consists in two phases, one 
of them is highly crystalline with NTE, and the other is an amorphous phase in which the pair 
distribution function can be calculated with good values of interatomic distances (Table 10). 
However, an electron diffraction experiment will be necessary to confirm it. In the future it 
would be interesting to study by reverse Monte Carlo or by PDF least square refinement the 
role of the short and medium range order in the NTE and their relation with the amorphization 
of this type of tungstates and molybdates, as is studied in ZrW2O8 (Keen et al., 2007). 
 Table 9 Pair of atoms distances in the Debye Background Model 
Y2(MoO4)3 150K 200K 250K 300K 350K 400K 
Y/Mo···O 2.18(3)   2.18(2) 2.19(1) 2.18(1) 2.19(1) 2.18(1) 
O···O 3.00(3)  3.00(3) 3.02(2) 3.00(2) 3.01(2) 3.00(2) 
Y···Mo 3.88(5)  3.83(4) 3.84(4) 3.84(5) 3.85(5) 3.84(5) 
Mo···Mo 4.90(5)  5.60(7) 5.62(7) 5.53(6) 5.51(6) 5.51(6) 
       
Er2(MoO4)3 150K 200K 250K 300K 350K 400K 
Er/Mo···O 2.16(2)  2.15(2) 2.18(1) 2.16(1) 2.17(1) 2.17(1) 
O···O 2.94(3)  2.96(3) 2.99(2) 2.98(2) 2.99(2) 2.99(2) 
Er···Mo 3.87(9)  3.91(10) 3.93(7) 3.88(7) 3.95(5) 3.90(4) 
Mo···Mo 4.84(3)  4.85(3) 4.84(3) 4.82(3) 4.83(3) 4.85(3) 
       
Lu2(MoO4)3 200K 225K 250K 303K  400K 
Lu/Mo···O 2.1(2)  2.15(2) 2.16(1) 2.17(1)  2.18(1) 
O···O 3.0(2)  2.96(2) 2.99(2) 3.00(2)  3.00(2) 
Lu···Mo 3.8(2)  3.80(2) 3.81(2) 3.82(2)  3.83(2) 
Mo···Mo 4.9(3)  4.89(3) 4.86(2) 4.86(2)  4.87(3) 
 
 4. Conclusions 
Thermal dependence of crystal structure of Y2(MoO4)3, Er2(MoO4)3 and Lu2(MoO4)3, 
which are orthorhombic with Pbcn space group, has been investigated by multipattern 
Rietveld refinement from neutrons and X-ray data. We have found that rare earth molybdates 
also exhibit negative thermal expansion, as yttrium molybdate (Marinkovic et al., 2009), from 
150 to 400K, after the water loss. Their linear coefficients and Debye temperatures obtained 
by fitting the volume curves to a straight line and to Debye model function (using the 
Grüneisen approximation which relate the internal energy with the molar volume), 
respectively, are strongly correlated to the A
3+
 radii. We have shown that we must be careful 
when comparing expansion coefficients and other thermal dependent parameters obtained in  
different temperature ranges. 
Given accurate and precise crystal structures, we have measured: 1) the exact scope 
polyhedral distortion with the temperature and the ionic radii, 2) the role of the transverse 
vibration of Y(RE)-O-Mo binding oxygen atoms and the non bonded distances Y(RE)-Mo in 
the structure, and 3) the bond valence sum of Y(RE)
3+
 and Mo
6+
 metal ions; since several 
authors have related such distortions and vibrations with the NTE behaviour (Tao and Sleight, 
2003; Marinkovic et al., 2009). We have found a correlation between the expansion 
coefficients and bridging angles, non bonded distances and bond valence sum, but it is not 
related with the polyhedral distortion. The introduction of amplimodes (Orobengoa et al., 
2009), with modulus also correlated with the expansion coefficients, gives a very realistic  
picture of the structural mechanisms for this anomalous behaviour. From its modulus and 
direction, there is not a clear motion of rigid polyhedral, and the thermal dependence of the 
transverse movement of oxygen O6, O5, O4 and O1 is the responsible of the lengthening and 
shortening observed in the Y(RE)-O-Mo bridging angles and Y(RE)-Mo non bonded metal 
distances on cooling. The sense of the oxygen motion, given by its displacement by varying 
the temperature (then amplimodes can be drawn as arrows), lead to interpret, with more 
quantitative results, the negative expansion of the c and b axis and the positive expansion of 
the a axis. We also found that the Y-Mo nonbonding distances and Y-O-Mo angles are the 
basic structural features that provoke NTE in this family of compound, but these bridges 
should form chain of connected rings along different axes creating a collective movement. 
Temperature dependence of equivalent thermal displacements has been fitting to a Debye-
like model and to a simple Einstein model (harmonic oscillator) by least square refinement. 
We have found averaged Debye and characteristic temperatures are close to those obtained by 
the volume-fitting curve, and the related frequencies lying on the middle of the phonon gap 
given by this type of compounds (Yammamura et al., 2009); due to the joint action of high-
energy optical and low-energy acoustic modes. It is possible to distinguish those oxygen 
atoms with more anharmonic displacement and those with Debye temperatures closer than the 
averaged, indicating a softening of the isolated atom potential at large amplitudes and 
suggesting that these oxygen atoms have a more dominant role in determining the thermal 
motions. From the result of our structural study and the better adjustment of their thermal 
parameters, the oxygen atoms belong to the more symmetric tetrahedron have a decisive role 
in the negative thermal expansion.  
More accurate structural measures of all rare earth molybdates with NTE, in a wider 
temperature range, by high resolution neutrons and X ray data, would well come because lead 
us to obtain information about 1) a possible amorphous phase coexisting with the crystalline 
one, 2)  a better analysis of anisotropic thermal parameters connecting the direction of the 
modulus of the amplimodes, 3) to study the possibility of a phase transition at lower 
temperature and 4) the negative thermal expansion of the a parameter at higher temperatures. 
Several proposals have been send, some of them accepted, in order to complete this 
investigation. 
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